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Abstract 

Explicit path integration is carried out for the Green's functions of special 
relativistic harmonic oscillators in (1+1)- and (3+l)-dimensional Minkowski 
space-time modeled by a Klein-Gordon particle in the universal covering 
space-time of the anti-de Sitter static space-time. The energy spectrum 
together with the normalized wave functions are obtained. In the non- 
relativistic limit, the bound states of the one- and three-dimensional ordinary 
oscillators are regained. 
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I. Introduction 



Relativistic problems that can be solved exactly by the use of the path 
integral approach are very limited especially for two reasons: 

(1) For a relativistic particle with spin, the propagator cannot be de- 
scribed by a simple path integral based on any reasonable action. The fact 
that the spin has no classical origin makes it difficult to propose for it con- 
tinuous pathP . 

(2) If the particles interact with each other or with an external potential, 
they can produce quantum effects which cannot be described by path fluc- 
tuations alone. These effects can be handled by perturbation theory in the 
framework of the quantum field theory^ . 

However, in recent years, there have been a few successful examples where 
the difficulty which concerns the spin has been shaped. The Dirac prop- 
agator for a free particle^ has been derived in the framework of a model 
where the spin is classically described by internal variables. The path in- 
tegral treatments of the Dirac-Coulomb problerrP and a Dirac electron in a 
one-dimensional Coulomb potential on the half-line and in the presence of 
an external superstrong magnetic fielcP have been obtained via the Bieden- 
harn transformatiorP . The electron in the presence of a constant magnetic 
fielcP and the problem of charged particles in interaction with an electromag- 
netic plane wave alone^ or plus a parallel magnetic fielcP have been studied 
by introducing a fifth parameter in order to bring the problem into a non- 
relativistic form. The relativistic spinless Coulomb system^ and the Klein- 
Gordon particle in vector plus scalar Hulthen-type potential^ have also been 
solved by path integration. 

Recently, from various aspects (E2E3EIE5EEI an d references therein), there 
has been renewed interest for the relativistic harmonic oscillators because of 
a crucial point. Indeed, a simple replacement of the coordinates and general- 
ized momenta in the corresponding classical Hamiltonian by their quantum 
mechanical counterparts is, in general, not correct since the ambiguity re- 
sulting from ordering the operators must be resolved. To parameterize the 
operator ordering ambiguity of the position- and the momentum-operators, 
we show that it is necessary to introduce two parameters a and (3 which 
can not be freely chosen. The problem of the quantum relativistic oscillators 
represented by quantum free relativistic particles on the universal covering 
space-time of the anti- de Sitter static space-time (CAdS) is a model char- 
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acterized by a constraint on these parameters. This model is called " special 
quantum relativistic oscillators " in the sense that a and (3 are chosen to 
adjust the non-relativistic limit and to preserve the reality of the energy 
spectrum of the physical system. 

To our knowledge, there is no path integral discussion for the quantum 
relativistic harmonic oscillators. The purpose of the present paper is to fill 
this gap. The treatment will be restricted to spinless systems. 

Our study is organized in the following way: in sec. II, we construct 
the path integral associated with the (1 + 1) -dimensional special relativistic 
harmonic oscillator. The Green's function is derived in closed form, from 
which we obtain the energy spectrum and the normalized wave functions. 
In sec. Ill, we extend the discussion to the (3 + l)-dimensional case. The 
radial Green's function is also given in closed form. The energy levels and 
the normalized wave functions are then deduced. The section IV will be a 
conclusion. 



II. The (l+l)-dimensional special relativistic oscilla- 
tor 

The relativistic harmonic oscillator interaction in (1 + 1) Minkowski space- 
time is equivalent to a free relativistic particle in the universal covering space- 
time of the anti-de Sitter space-time (CAdS). For a static form of the anti-de 
Sitter space-time metric, the line element is given by 

ds 2 = A(x)c 2 dt 2 - -r^—dx 2 , (1) 



where 



CO 
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A(x) = 1 + -rx 2 . (2) 

& 

Classical mechanics is described in this space by the classical Lagrangian and 
Hamiltonian, respectively: 



tt2 -\j2 4 , 22, » ^2 222,0 222, 42 ( a\ 

H =Mc + pc + M uj c x +2uxp H — T x p . (4) 

c z 
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If we proceed by adopting the substitutions H — > P = ih-^, p — > P x = 
x — > x, there is an ambiguity which results from ordering the operators 
in the quantum mechanical counterpart of (JIJ). Since, there exist different 
ways to put the terms x 4 p 2 and x 2 p 2 into symmetrically ordered forms, we can 
construct a number of Hermitian mechanical quantum counterparts of (@J). In 
order to avoid this ambiguity, we write all the Hermitian forms for each term 
as a linear combination. Whence, after calculation of all the commutators, 
we find the following replacements 



x 2 p 2 



(5) 



where the parameters a and (3 will be fixed farther. 

The Green's function G(x",x') that we consider obeys the Klein-Gordon 
equation 



c 4 c 2 



□ + kA(x) + (1 - a + 2(3)^jx 2 + 
where 
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G(x",x' 



h 2 c 2 



5 (x" - x') . 



_ I d 2 d 2 



and 



K 



Mc 



+ (1 - 2(3) 



-:2 ' 



(6) 



(7) 



(8) 



Note that choosing to work with the symmetrically ordered form (|7J) of the 
D'Alembertian operator, the quantization of the original problem will not be 
modified. 

By using the Schwinger's integral representation^ , the solution of the 
differential equation (jUJ) can be written as follows: 



G(x", x') 



2ihc 2 J 



dX (x" , t"\ exp 



-HX 



h 



W,t') 



(9) 
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where the integrand (x",t"\exp 



\x',t') is similar to the propagator of 



a quantum system evolving in A time from (x', t') to (x", t") with the effective 
Hamiltonian, 



H 



The integrand in Eq. (jHJ) may be written as the path integra F * ^ 11 * 1 ^ * 1 ^ 



(10) 



P{x", t", x', t'; A) = (x",t"\exp 



W 1 1') 



N 



N+l 



Jim^ J Y\ dx n dt n Y\ 



d(P x ) n d(P ) 



N+l 



n=l 



2nh 2nh 6XP 1 % 

n=l I n=l 



;n) 



with the short-time action 
A? = (P )nAt n - (P,.)nAx n + | ^^S-A(x n )A(x n _ 1 )(P :c )2 

2 4 

_ n 2 KK{x n ) - h 2 {\ - a + 2(3)^-x 2 



c: 



A n ) i 



(12) 



where 



A 



(13) 



N + l 

and s G [0, A] is a new time-like variable. 

Let us first notice that the integrations on the variables t n give N Dirac 
distributions 5 ((Po)n — (Po)n+i) • Thereafter the integrations on (Po) n give 
(Po)i = (Po)2 = ••• = (Pq)n+i = E- The propagator fTTj) then becomes 



P(x", t", x', t'\ A) 



dE 
2~nh 



exp 



ft 



E{t" - t' 



P s (x",x';A), (14) 



where the kernel Pe(x", x'\ A) is given by 
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. AT JV+1 

Pe(x",x';X) = lim / £J dx n J~J 

J n=l n=l 



d{P x ) n 

2nh 



exp 



. JV+l 



n=l 



with the short-time action 



-A(x n )A(x n . 1 ){P x f n + 



K l u) 1 / E 



h 2 LU 2 
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-h 2 KA(x n ) -h 2 (l-a + 2(3)— xi 



Note that (pPfj) is invariant under the change E — ► — 

Then, by integrating with respect to the variables (P x ) n , we get 



Pe(x",x';X) 



1 



JV+l 



y/A(x')A(x") N 



lim I 



n=l 



n 



n=l 



A(x„)_ 

with the short-time action in configuration space 



exp 



2m%e 

. JV+l 
n=l 



^1 



2eA(a; n )A(x n _i) 2 



£ 2 



1 — - nA(x n ) 



-(l- a + 2P)—xi 
Substituting (fHj) into (jHJ), we can rewrite in the form: 



2tt/1 



exp 



-E(t"-t' 

h 



G E (x", x') 



with 



G E (x",x' 



2ihc 2 



dXP E (x",x';X). 
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If we now introduce a new variable u n together with a rescaling of time^l 
from e to a n given by 



x n = - : sinhw n , 



6 = 



1 



oj 2 cosh u n cosh u n —l ' 



and incorporate the constraint 



A - ° 2 ^ (,S 



u 2 J cosh 2 u ' 



by using the identity 

c 2 /u 2 



cosh u" cosh u' 



„2 rS 



dS5 A =■ 



^ 2 7n COsh 2 tt 



the path integral (|2U|) can be written as: 

1 



Ge(x", x) 



2iftwc (cosh it" cosh it 



/*oo 

— / dSP(u",u';S), 
5 -A) 



where 



(21) 



(22) 



(23) 



(24) 



P(u»,u>;S) = lim / J] 



2V+1 



n=l 



1 



2mha r 
1 



jV+1 



II du n exp\- 



2(T„ 



cr n V 3 cosh u r 



n=l (_ n=l 

h 2 fc 2 E 2 lh 2 uo 2 -l 

K- 



2 \uj 



cosh u r 



+ (1 - a + 2(3) tanh 2 u n ) a n ] } . 



(25) 



Un+U n -l 



Here, we have used the usual abbreviations Au n = u n — tt n -i, w n — 
v! = u(0) and it" = u(S). Note that the term in (Aw n ) 4 contributes signifi- 
cantly to the path integral. It can be estimated by using the formula^ 



exp(— a\x 2 + a2X 4 )dx = / exp I — a\x 2 + - — ? ) dx, (26) 
valid for \a>i\ large and Re(a 1 ) > 0. This leads to 
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P(u", u'; S) 



Du{s) exp 



h 



h 2 E 2 jnruJ 2 — 1/4 



u h 2 
Y ~ Y 

h 2 



& 1 

or 4 



cosh u 



1 - a + 2/3) tanh 2 u 



(27) 



By noting that tanh u 



i 



cosh M 



, this last path integral is identical in form 



with that of the symmetric Rosen- Morse potential which has been studied 
recentf^- 23 * 24 * 25 * 26 * ^ ! ( b u t in order to obtain the equivalent to the Klein-Gordon 
equation in the AdS space-time we impose a restriction on the parameters a 
and (3 defined by the following two equations: 



1 -a + 2,3 = 0, 



(28) 



1 - 2(3) 



(29) 



where R = —2% is the scalar curvature and £ is a numerical factor. Whence 
it follows that 



a = 2£ + 2 and 
In this case, the propagator (|27|) reduces to 

frJo 

h 2 E 2 /h 2 uj 2 -l/A 



^ + 2- 



(30) 



P(u",u';S) 



Du(s) exp 



u 

Y 




-2£ + 



+ 



cosh u 



(31) 



which is likewise the propagator relative to a symmetric Rosen- Morse poten- 
tial. The Green's function associated with this potential has been evaluated 
through various techniques of path integration* 23 * 24 * 25 * 26 * 27 * . The result is 



r+oo 

G{u",u';E) = / dSP{u",u';S) 
Jo 
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- l E )T(l + l E + 7 )p- 7 (tanh«")P z 7(- tanW), 



(32) 



where P l 7 (tanh-u) is the associated Legendre function with 



1 E 

and 

1 ilfc 2 
7 = ±- v / l + 4iV2-8e, N =~f—- (34) 

If we take into account Eqs. ((HOJ) , insert ((HZ)) into (J25), and remember 
the first equation of the transformation ([21)1. we obtain the Green's function 
for the one- dimensional special relativistic harmonic oscillator under consid- 
eration 



G E {x",x') 



r( 7 - l E )T(l + Ie + 7) 
2fr 2 cjc 



'1 + ^x" 2 




x^ 7 -H== P i7 - i * • (35) 



The poles of the Green's function yield the discrete energy spectrum. 
These are just the poles of r( 7 — l E ) which occur when 7 — l E = —n for 
n = 0,l, 2, .... They are given through the equations 

1 2-^ ±1 2^ l+iN2 -^=- n - < 36) 
So, algebraically we obtain two distinct sets of energy levels according to the 
positive and negative signs of the parameter 7. But we have to check whether 
the corresponding wave functions, which will be expressed in terms of the 
Legendre functions of the first kind P^ r (y), satisfy the boundary conditions 

for y = -xj \ 1 + ^x 2 — > ±1. By inspecting their asymptotic behavioral 



Pi7(y) * Xn V l\ > 7 ^ °' - 1 ' ~ 2 ' ~ 3 ' -' (37) 

2/-»l 2ar(l + 7 ) 
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,r(- 7 ) 



^ sin(M(l + VP f o r Re(7) < 0, 

2 7T 



Vfo) y 7 (38) 

r( lti ;SU) (l + ^ j for Re( 7 )>0, 

we see that P l ~ 1 (y) diverges if Re(7) < 0. Therefore, we must choose the 
positive sign of 7 and hence the energy eigenvalues are 



E n =(n+± + I^/l+4jV 2 -8f) hw. 



(39) 



On the other hand, the reality of the parameter 7 implies the following range 
of the numerical factor £ < |(1 + AN 2 ). 

In the limit c — > 00, the energy spectrum approaches 

E^ R + Mc 2 = hu(n + ^\+ Mc 2 . (40) 

The first term gives the energy levels in the non-relativistic case and the 
second term is the rest energy of the harmonic oscillator. 

The corresponding energy eigenf unctions can be found by approximation 
near the poles 7 — Ie ~ — n : 



;-!)" 1 (-l) n+1 2(n + 7 + i)fr : 



r ^ ~ lE) * n! = ^ E 2 -e\ ' ^ 

Using this behavior and the known property of the symmetry of the associ- 
ated Legendre functions under spatial reflection, x — > —x, we get the con- 
tribution of the bound states to the spectral representation of the Green's 
function as 



G E (x",x') 



n=0 



x|l + ^«)" ! (l + ^" ! 



xP~ 7 

A - r ra+7 
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n=0 



E 2 -El ' 



(42) 



The properly normalized wave functions are thus 



H — 2 7 + n + l 

c n! 



3 

C 2 



-X 



1 + 



(43) 



Taking into account the relation between the Gegenbauer polynomials and 
the associated Legendre functions ( see formula (8.936) p. 1031 in RefP) 



T(2A + n)r(A + |) 
T(2A)r(n + 1) 



7 ( t2 - 1) 
4 v ; 



1 A 

4 2 1 



and using the doubling formula (see Eq. (8.335.1), p. 938 in RefP 



(44) 



2*1,-1 / 1 

T(2x) = —T(x)Tlx + - 



we can also express (|43|) in the form 



(45) 



u (7 + n + §) n\ 
~c T(2 7 + n + 1) 



(2z)T 7 + - 1 + 



I 7+1 



-X 



1 + 



(46) 



In the limit c — > 00, 7 — > iV = and with the help of the formula ( see 
Eq. (8.328.1), p. 937 in RefP) 



lim r( " + a) e-- = 1, 

z^oo LIZ) 



(47) 



we see that 
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lim 72 



00 



(7 + n+l) 



TV. 



c r(2 7 + n + i; 



(2) 7 r (7 + 2 



lim 

c— >oo 



u) n\ 


1 

2 


[r(7 + |)l 






r( 7 ) 



7T 



/J. 




(48) 



By the use of the limit relation ( see Eq. (8.936.5), p. 1031 in Ref.™ ) 



lim \~C£ I t 



nl 



-H n {t), 



(49) 



the wave functions of the harmonic oscillator in the non-relativistic approxi- 
mation are naturally regained 



lim ^l(x) 

c— >oo 



Mu\ i 1 -M» X 2 TT 

— - e 2ft x H n 

J y/2 n n\ 



Muj 



h 



-X 



(50) 



where H n f y ^jf-xj is the Hermite polynomial of n th order. 



III. The (3+l)-dimensional special relativistic oscilla- 
tor 

The special relativistic harmonic oscillator in (3 + 1) Minkowski space- 
time is simulated in the universal covering space-time (CAdS) of the anti- de 

2 

Sitter space-time with a negative curvature R = —12^ and a static metric 
of the form: 

ds 2 = A(r)c 2 dt 2 - j^dr 2 - r 2 (d6 2 + sin 2 6d<f) 2 ) , (51) 

where 

uj 2 

A(r) = 1 + — r 2 (52) 

is chosen in order to impose the non-relativistic limit. 
The Lagrangian reads as: 
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L = -Mc\lA(r)- V 4 + ^^X 
and the classical Hamiltonian is given by 

H 2 = A(r) ( M 2 c A + p 2 c 2 + tu 2 (7p) 2 



(53) 



(54) 

As in the one-dimensional relativistic oscillator to construct the quantum 
mechanical counterpart of (|54jl . we must respect the ordering ambiguity of 
the position- and momentum-operators. Similarly to (0), we will be led to 
make the following substitutions: 



4 2 

x\p\ - 
x 2 p 2 



i dx 2 



i dx t + aX i I ' 



-h 2 {x 2 -^ + 2 Xl £-+(3 



x\pi 



XiPi 



^ ( X i dxi + 2 X * 2 ) ' 



(55) 



The Green's function G(r", t", r', t') for the problem satisfies the Klein-Gordon 
equation 



(n + U(r))G(r ,t";r,t') 



h 2 c 2 



Sir -r )S{t"-t'). (56) 



where 



□ 



^dt 2 



A (r)~r 2 -^A(r)+A(r) 



h 2 



,2 - 



(57) 



(I 2 is the square of the orbital angular momentum operator) and U (r) is the 
central potential 



U(r) 



h 2 u 2 



4P-a- — -8+(a + 2p+-)Mr) 



(58) 



It follows that the Green's function G(r", t", r', t') can be expanded into par- 
tial waveiP^ in spherical polar coordinates 
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G(r",t",r',t') 



tyif t fyi 



m* / fill jJI\~Y m t&' A 1 



I K u ) H> )i 



(59) 



1=0 



where the radial Green's function, expressed in the Schwinger's integral rep- 
resentation^ , is 



dA (r",t"|exp 



(60) 



2ihc 2 J 

The integrand in Eq. ()60|) is similar to the propagator of an harmonic oscilla- 
tor which evolves in the time-like parameter A with the effective Hamiltonian 



2 



-A(r)P r 2 A(r) + S _ fr 2 /(/ + + fj( r ) 



(61) 



To find the energy eigenvalues and the wave functions \l/„ ri /(r) = 
r _1 $ nr) i(r), we may evaluate (f6T)|) by path integration. The effective Hamil- 
tonian ()6H) involves a centrifugal barrier which possesses a singularity at 
r = 0, so that the discrete form of the expression (JBTij) is not defined due to 
a path collapse. To obtain a tractable and stable path integral, we introduce 
an appropriate regulating function ( following KleinerlP^) and write (J60)) in 
the form: 



Gi(r",t",r',t') 



dSP l (r\t'\r\t'-S) 



2ihc 2 j 

where the transformed path integral is given in the canonical form by 



(62) 



P z (rV,rV;S) = f R (r")f L (r'){r",t"\e W 



h 



\r>,t>) 



f R {r")h{r') f Dr(s)Dt(s) J 



DP r (s)DP (s) 



s 



x exp { - J ds\ -P r r +P t +f L (r)Hif R (r) 



N 



f R (r")h(r') lim ] [ 



n=l L 



dv n dt n 
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X 



N+l 

n 

n=l 



d(P r ) n d(P ) r 

(2-kK) 2 



N+l 



n=l 



with the short-time action 



A £ { = -(P r ) n Ar n + (P ) n At n + ^-f L (r r , 



-A(r n )A(r n „ 1 )(P r )l + 



-HH(l + l)^- + U(r n 



fn(r n -i 



(Po)l 



(64) 



and 



S 



AS 7 



Ar, 



A 



N + l ~ " /L(r n )/ji(r n _i)' 
The regulating function is defined as^ 

f(r) = f L {r)f R {r) = f 1 - x '{r)f*{r). 



iV + 1 



(65) 



(66) 



As in the (1 + l)-dimensional case, by doing successively the t n and (Po) n 
integrations we arrive at 



P^W,^) 



2nh 



+oo 



dEexp 



P,(r",r';S), (67) 



where the invariant kernel Pi(r",r'; S) under the change E — ► — E is given 
by 



N r 

Pi(r",r';S) = f R (r")f L (r') lim Y[ dr 

n=l LJ 



N+l 

n 

n=l 



d(P r )n 
(27lH) 



exp 



. N+l 



2 ( ' 



(68) 



n=l 



with 
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A% 



-(P r ) n Ar n +^f L (r ri 



-A(r n )A(r n - 1 )(P r ) 2 n + 



E 2 



-h 2 l{l + 1 



A(r r 



+ U{r rt 



n—l, 



(69) 



Substituting (JB7)l into ([52]). we observe that the t-dependent term does not 
contain the variable S. Therefore, we can rewrite the partial Green's function 
in the form: 



Gi{r",r'), (70) 
with 

Gi{r"y) = J-j r dsp^'y-^s). (n) 

2%ft& J 

The path integration of the kernel Pi(r", r'\ S) can be performed for any 
splitting parameter A'. However, to simplify the calculation, we prefer to 
work with the mid-point prescription by taking A' = \. This can be justified 
by the fact that the final result is independent of this parameter. Then, by 
integrating with respect to the variables (P r ) n , we find 



Gi(r",t",r',t f ) 



2nh 



dEexp 



- h E(f-t) 



N+l 



Pi{r",r';S) 



lim 1 [ 

A/" — >r>r> -I- -I- 



[f{r')f{r")V 
V / Ap)Ap)^- >r _ s 

nl dr r 

n=l 



1 



2i7rhe, 



A(r n )v?fa 



exp 



. N+l 



(72) 



n=l 



with the short-time action in configuration space 



Ar 2 e s 
2 £s A(r n )A(r n _ 1 ) v //(r n )/(r n _ 1 ) + ~2 f ^ n) 



~E 2 



-h 2 i{i + 



+ U(r n ) 
16 



(73) 



We now use the following space transformation: r — > u, r G [0, oo[. 
u G ]— oo, oo[ defined by 



r = -e l 

UJ 



(74) 



The appropriate regulating function is then defined by 



f(r(u)) 



(75) 



Auj 2 cosh 2 u 

By taking into account all the quantum corrections arising, of course, from 
the transformations (|74|) and (|75J) . the Green's function (|71jl can straightfor- 
ward be written as follows: 



Mhwc-sJ 'A(r")A(r') cosh u" cosh 



= / dSPi(u",u';S), (76) 



with 



PzK>';S) 



Du(s) exp < — 
ft 



+ (z/ 2 - A; 2 ) tanhw) + 



• 2 
U 


h 2 


y 


4 


^ 2 




8 



+ 4/3 



a: 



cosh -u 



, (77) 



where v 2 = N 2 - 2(3 - a + ^, k = I + \ and N = Mc 2 /hu. 

This kernel is formally identical with that of the general Rosen-Morse ( 
or general modified Poschl- Teller ) potential studied recent l^- 23 l 24 l 25 l 2b l . The 
Green's function associated to this potential is 



G{u",u'\Ehm') 



dSPi{u",u'] S). 



(78) 



As is shown by KleineriP^ , the Green's function of the general Rosen- Morse 
potential is related to the fixed-energy amplitude for the mass point subjected 
to an angular barrier near the surface of a sphere in D = 4 dimensions by 



17 



G(u",u';E RM ,) = 1 . G{Q", 6'; E PT >) 

V sin 6 sin 6 

i T{M 1 - L E )T{L E + Mi + 1] 



x 



x 



h r(Mi + m 2 + i)r(Mi - m 2 + 1) 

1 + tanbV\ (Ml " M2)/2 /l - tanh^ (Ml+Mz)/2 



1 - tanh M "\ (Ml+M2)/2 /l + tanW^ (M - Ma)/2 



1 I tjcLlltl %jb 

xF ( .\/,-/.,,. /.,, • M. ■ \: M.-M-, ■ 1: 

1 — tanh u" 



xF M 1 -Le,Le+M 1 +1]M 1 +M 2 +1; 



(79) 

with tanhw = — cos 9,6 G (0, 7r) , u G ]— oo, +oo[ and u" > v! . Here, the mass 
point is taken equal to unity. In addition, we set 



1 i I _1 i_ 2B f 

1 ft ~ 



2 1 \ 16 1 h 



47 



(80) 



and if we choose 



M i = \ (\/ N2 -2/3-a + ^ + Z + i), 
M 2 = | ( ^AT2-2/5-a + ^ - / - | ) , 



(81) 



the boundary conditions for the wave functions appearing in ()79|) will be 
satisfied. 

The equivalence between the relativistic harmonic oscillator interaction 
in (3 + 1) Minkowski space-time and a free relativistic particle in CAdS is 
characterized by the following restriction on the parameters a and (3: 

a = 8£, P = ^ + \- (82) 

Inserting (fT9j) into (|7H)l . we get, for the radial Green's function, the closed 
form: 
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n ( „ n r(Mi - L E )T(L E + Mi + 1 

G;(r ,r ) = 



4ft 2 wcr(Mi + M 2 + l)r(Mi - M 2 + 1) 
x (A(r")A(r') cosh w" cosh w')~^ 

l + tanWy M ^ M2)/2 / 1-tanhr ^ (Ml+Ma)/2 

l-tanhn"\ (Ml+M2)/2 /l • tanh^ 2 



1 + tanh it' 

xF ( M 1 - L E , L e + M 1 + 1; Mj - M 2 • 1; 

xF [M 1 -L E ,L E + M 1 + 1;M 1 + M 2 + 1;- 



2 

(83) 

The poles of (|H3*j) are all contained in the first T function in the numerator, 

Mi — Le = —n r . (84) 
Converting this into energy by using Eqs. (|50jl . (|81|) and (|51jl yields 

^ = /3 nr> ^, (85) 

with 

/3 nrj/ = 2n r + I + 1^9 + 4^-48^+ | (86) 

where n r is the radial quantum number and / the angular momentum. Here, 
the parameter £ is subject to the condition £ < ^(9 + 4A^ 2 ). 
In the non-relativistic approximation 

E nr;l -> f2n r + / + ^ ^ + Mc 2 , (87) 

where the first term represents the well-known energy spectrum of the three- 
dimensional non-relativistic harmonic oscillator. 

As in the one-dimensional case, the radial wave functions can be found 
by approximation near the poles Mi — L E « — n r : 
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T(Mt - L E ) 



n T \ M\ — Le + n r 



n 



(88) 



Using this behavior and taking into consideration the Gauss transformation 
formula (see Eq. (9.131.2) , p. 1043 in Ref P ) 



n/ 7 x T(c)T(c—a — b) . , 1 1 , r(c)T(a+6 — c 
F(a,b,c;z) = ) ' \ -(F(a, 6, a+6-c+l; l-z) + 



r( c -o)r(c-6) v ' ' y r(o)r(6) 

x (l-z) c ~ a - b F(c-a, c-b, c-o-6+1; l-z), (89) 

knowing that the second term of this latter is null because the Euler function 
r(a) is infinite ( a = — n r < ), we can write Eq. ()83)1 as: 



?i r =0 



^ 2 - ^ 



(90) 



where 



$n r ,z(r) 



n 



1 



r(/ + l)vJ ' 



F \-n r , P nrtl -n r ;l + -; - ? )2 - ) (91) 



2'1 + 



^ r 2 

-9 I 



are the radial wave functions. 

By substituting (see Eq. (9.131.1), p. 1043 in Ref P ) 

F(a, ft 7 ; z) = (1 - ^)^F(a, 7 - /?; T ; — -^-) (92) 

into (|9*T|) and using the connecting formula (see Eq. (8.962.1), p. 1036 in 
Ref P ) 



p(^) (x) = r(n + « + i) F / n + a+j3 + 1;a + 1 i 



n!r(a + l) 
we can also express (J91|) in the form 



(93) 
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r (n r + 7 + 1) T (n r + / + |) 



2 i 
r 



x 1 + 



a; 



-i/3. 



2 Pn r ,I /, 1 _ 



1 + 2— r' 



(94) 



By using the following limiting relations: 

' lim T(n + 7 + 1) = lim 7 n+1 r(7), 

7^00 7^00 



Mm 2 

e as r , 



< lim fl + 4r 2 ) 

lim F (a,r,v; !) = F(a,u;z), 



(95) 



we obtain the well-known radial wave functions of the non-relativistic har- 
monic oscillator 



$rw(r) = 



~2T (n r + I + |) 



"IT 



10+f) 



x exp 



Moo 
'/ 

2h 



F -n r , I + -; 



r(z + |) 

3 Mw 



2' ft 



(96) 



IV. Conclusion 



In this paper we have dealt with special relativistic harmonic oscillators 
in (1 + 1)— and (3 + 1)— dimensional Minkowski space-time modeled by a 
free relativistic particle in the universal covering space-time of the anti-de 
Sitter space-time. The explicit path integral solution, as presented above, 
provides a valuable alternative way to the one obtained through the Klein- 
Gordon equation. After formulating the problem in terms of symmetric and 
general Rosen-Morse potentials for the one- and three-dimensional relativistic 
oscillators, respectively and by imposing a restriction on the parameters a 
and (3 in such a way that the system under consideration is equivalent to a free 
relativistic particle in CAdS, the Green's functions are obtained in a closed 
form. The energy spectrum and the properly normalized wave functions 
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are extracted from the poles and the residues at the poles of the Green's 
function, respectively. In the flat-space limit (R — > 0), that is to say in 
the non-relativistic approximation (c — > oo), the usual harmonic oscillator 
spectrum and the corresponding normalized wave functions are regained. 
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